
 
Groupactiongrevisited

Recall If a groupG acts on a nonempty set A then for

every gcG the function

6g A A defined g a g a

is a bijection and the function

4 G SA defined 4 g og

is a homomorphism The kernel of 4 is called the Keret of the
action and the action is faithful if the kernel is the identity

Note The kernel of theaction K is a normalsubgroup and we can

give 4K an action on A as follows

gk a g a

Check this is welldefined If gk hkthen g hk for some Kok
g a hk a h k a h a

9
actsasidentity

Then im4ESA so it has trivial kernel so it's faithful

GroupautionshommapstSA

We can also getgroupactions from morphisms to SA i e if
A is a set and G a group s t



4 G SA is a homomorphism define the groupaction of G m

A as follows

ForgeG acA g a Yg a

Thisis
a bijection
A A

This is in fact anaction axioms are easyto check and all

actions of G m A arise in this way i e

Pep There is a bijetion between theactions of G on A and
The homomorphisms G A

Def If G is a group a permutation representation of G is

any homomorphism G SA for some nonempty set A thus

given an action of G on A

Orbitsundstoebilizers

let G be a groupacting on a set A Recall from a HW problem

that we can definean equivalence relation oh A as follows

a b a gab some geG

We already showed this is an equivalencerelation and theequivalence
classes are called orbits For a EA the equivalence classcontaining
a is called the orbit of a



Note that the stabilizer of a Ga goGIg a a gives us no
additional elements of the orbit of a and in fact each coset of

Ga gives us an additional element of theorbit of a That is

P2p For a cA thenumber of elements in the orbit of a is IGGal

PI We show that there is a bijection between the coset of Ga and
the elts of the orbit of a Call the orbit

We define a map Da coset of Ga by
b g a g Ga

This is welldefined If b g a h a then hg a a hgcGa
Thus h g Ga l Gao gGa hGa

This is clearly surjective and it's injective since if gGa hGa
then h g cGa h g a a g a h a D

Def The action is transitive if there's only one orbit i e if
V a bcA Fg cG st a g b

Ex Sn always actstransitively on s oh if a b c I oh
ab a b


